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This paper seeks to address a practical rectangular truss model to predict residual thermal stress in a 2 D
plain weave fabric (PWF) composite. The two orthogonal yarns in a micromechanical unit cell are ideal-
ized as straight rods subjected to tensile or compression loading resulting in extension or shortening
deformation. The residual thermal stresses and equivalent thermal expansion coefﬁcients in a PWF layer
are derived from the thermal constitutive equations and the deformation compatibility condition. Based
on the deformation compatibility equations, the thermal constitutive relationships for PWF composites
are obtained to derive the residual thermal stresses between PWF plies and pure resin. In order to vali-
date the model, experiments have been performed to investigate the mechanical properties of two-
dimensional (2D) orthogonal EW220/5284 PWF composites fabricated by resin transfer moulding
(RTM). It is shown that the experimental results correlate well with predictions from the new model.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Owing to the in-plane balanced properties, enhanced fracture
toughness, high impact resistance and damage tolerance, woven
fabric composites are increasingly applied in aircraft structures.
These high-performance woven fabric composites need processing
at high temperatures. Owing to this processing-route, thermal
residual stresses arise due to the mismatch in coefﬁcients of ther-
mal expansion between the ﬁbres and the resin. These residual
stresses may lead to defects in the part in the form of voids and mi-
cro-cracking during processing, or warpage, spring-in, premature
delamination or debonding after manufacture (Gentz et al.,
2004). In order to understand the effects of residual stresses and
ﬁnd ways to decrease their magnitude, the relationships between
the residual stress build-up and the material properties of the con-
stituents together with processing parameters need to be explored.
Comprehensive reviews of the subject have been conducted by
Kim and Mai (1998), Ruiz and Trochu (2005), Parlevliet et al.
(2006), and Zhao et al. (2006).
Various experimental and analytical or numerical methods have
been developed to determine the residual stresses in polymer–ma-
trix composites. The experimental methods include: (1) destructive
methods (i.e., destroying the specimen during), e.g. hole-drilling,
sectioning/cutting (Gascoigne, 1994) and ﬁrst-ply failure test; (2)
non-destructive procedures such as warpage/curvature measure-ll rights reserved.
henoi).ments, cure-reference method (Ifju et al., 2000), embedded sen-
sors-based techniques (strain gauges, ﬁbre optics or crystalline
materials) and the X-ray or neutron diffraction method (Lorentzen
and Clarke, 1998; Benedikt et al., 2001). Analytical models are gen-
erally concerned with residual stresses in composites on the
macro- and meso/micro-levels. Classical laminate theory is gener-
ally used to give predictions at the ply or macro-level (Ruiz and
Trochu, 2005; Stone et al., 1997; Olivier and Cottu, 1998; Adali
and Verijenko, 2000). On the meso/micro-level, the unit cells or
representative volume element (RVE) approaches based on the
meso/microscopic structure of the laminate have been generally
adopted to analyze the residual stress and strain ﬁelds at the ﬁ-
bre–matrix or tow level using numerical procedures, such as the
variational principles of strain energy or ﬁnite element method,
etc. (Zhao et al., 2006; Gardner and Pittman, 1993; Andersson
et al., 2000; Fernlund et al., 2002; Zhang et al., 2004). Analytical
models for the residual stress of plain-weave fabric-reinforced
composites are scarce. There are some treatments (Dasgupta
et al., 1996; Huang et al., 2000; Shrotriya et al., 2001) dealing with
effective thermal properties in textile composites using numeri-
cal procedures based on two- and three-dimensional ﬁnite ele-
ment methods (2D and 3D FEM). It is evident from the
literature that though the evaluation of residual stress has been
explored extensively for polymer–matrix composites, there is a
lack of practical and valid analytical model to assess effective
thermal properties and residual stress of a PWF composite
accounting for the weave architecture and cure mechanics,
which is the focus of this paper.
Fig. 1. Yarn interlacing pattern for a PWF (Naik et al., 2003).
Notation
a1 width of warp strand cross-section
a2 width of weft strand cross-section
A cross-sectional area
b1 height of warp strand cross-section
b2 height of weft strand cross-section
Ef Young’s modulus of elasticity of ﬁbre
Em Young’s modulus of elasticity of matrix
g1 warp interstrand gap
g1 equivalent warp interstrand gap
g2 weft interstrand gap
g2 equivalent weft interstrand gap
Gf in-plane shear modulus of ﬁbre
Gm in-plane shear modulus of matrix
H ply thickness of PWF layer
h1 undulated height of the warp strand
h2 undulated height of the weft strand
I moment of inertia
L1 undulated length of warp curved beam
L2 undulated length of weft curved beam
M bending moment at a section
N normal force at a section
t thickness
u deformation shift
usf1 deformation shift of ﬁbre in warp direction resulting
from stress
usf2 deformation shift of ﬁbre in weft direction resulting
from stress
uTf1 deformation shift of ﬁbre in warp direction resulting
from cooling contraction
uTf2 deformation shift of ﬁbre in weft direction resulting
from cooling contraction
usm1 deformation shift of resin in warp direction resulting
from stress
usm2 deformation shift of resin in weft direction resulting
from stress
uTm1 deformation shift of resin in warp direction resulting
from cooling contraction
uTm2 deformation shift of resin in weft direction resulting
from cooling contraction
Vf ﬁbre volume fraction of PWF layer
Vm matrix volume fraction of PWF layer
Vm overall volume fraction of matrix
Vf overall volume fraction of ﬁbre
l Poisson’s ratio
e normal strain, or measured strain
eP theoretical strain
De measured strain increment
a thermal expansion coefﬁcient
c shear strain
r1 normal stress of PWF layer in warp direction
r1 normal stress in warp direction
r2 normal stress of PWF layer in weft direction
r2 normal stress in weft direction
rP measured stress
DrP measured stress increment
rT residual thermal stress resulting from the cooling con-
traction
s12 in-plane shear stress
FE ﬁnite element
PWF plain weave fabric
RTM resin transfer moulding
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A precondition for effective thermal properties and residual
stress in textile composites is the need to determine mechanical
properties through either large number of experimental databases
of engineering properties or suitable predictive models. Various
analytical techniques have been developed to predict the elastic
properties of representative volume elements (RVEs) of textile
composites including 2D and 3D weave composites. In recent
years, a signiﬁcant amount of research has been conducted by
using the 3D FEMs to analyze elastic properties of woven compos-
ites and detailed stress ﬁeld throughout the RVE from the averaged
mechanical properties of the constituent materials. In order to pro-
duce FE models, straight inclined segments or continuous mathe-
matical functions have been used to depict in more detail the
idealized PWF geometry and to represent the yarn path and
cross-sectional shape. The one drawback of FEMs though is their
intensity and complexity. Therefore 3D FEM is not well suited for
performing parametric studies to investigate the sensitivity of
composite strength properties to fabric architecture parameters.
There still is a need for a more practical and expedient fabric geom-
etry model to assess mechanical properties of textile composites
with a very simpliﬁed analytical approach.
A biaxial plain weave fabric composite consists of stacked, pre-
impregnated layers of woven fabric, which are cured and consoli-
dated by a process similar to tape laminates. The fabric is
composed of two sets of interlacing, mutually orthogonal (warp
and weft) yarns in a regular sequence of one under and one over.
Each yarn is a bundle of ﬁlaments (or ﬁbres) and the yarn size is
measured by the number of ﬁlaments in the yarn. The fabric iswoven on a loom and its architecture is characterized by the inter-
lacing pattern of the warp and weft yarns. The periodicity of the
repeating pattern in a woven (or braided) fabric can be used to iso-
late a small representative unit cell (RUC) which is sufﬁcient to de-
scribe the fabric architecture. The RUC for the plain weave is
indicated in Fig. 1 by dark borders. The fabric geometry should be
so chosen that it should give the best possible properties for the
application under consideration (Naik et al., 2003). The RUC for the
plainweave composite is shown in Fig. 2, which shows the sectional
views of undulating warp and weft yarns as a yarn crosses over and
under the other one. The undulating yarns were idealized as curved
beams with a path depicted by using sinusoidal shape functions. As
Fig. 2. An idealized 2D orthogonal PWF lamina geometrical representative unit cell (Naik et al., 2003).
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and the sufﬁx ‘2’ for the weft yarn or weft direction.
The interlacement of two orthogonal yarns leads to a crimp or
waviness in woven fabrics in the two orthogonal directions, caus-
ing a signiﬁcant inﬂuence on the moduli and strength of PWF com-
posites. The strand crimp and undulated length as well as the gap
between adjacent strands can be determined from the strand
cross-sectional geometry and fabric count (or the number of
strands per unit length along the warp or weft direction) either
by photomicrographs or by mathematical shape functions. The
overall ﬁbre volume fraction Vf (alternatively, the ratio of ﬁbre vol-
ume within a unit cell to the volume of the unit cell) can be then
obtained. In addition to the above inﬂuencing factors, the stacking
orientation angle of individual layers and relative shifting of
strands within the adjacent layers in warp and/or weft directions
also affect the mechanical properties of PWF composites. Conse-
quently, the focus of this work is placed on an idealized 2D orthog-
onal PWF composites formed by stacking PWF layers one over the
other without relative orientation angle and shifting. The individ-
ual (impregnated) yarns of a PWF composite can be treated as a
transversely isotropic material, resulting in the speciﬁcation of
only four elastic constants, i.e., E11, E22, m12, G12 with reference to
an orthogonal material coordinate system. The elastic modulus of
a 2D orthogonal PWF can be derived from that of the ﬁbre by
means of a strain energy approach. Then elastic modulus of PWF
composites can be predicted from those of PWF and pure resin
based on the rule of mixtures formulations.
As is mentioned in Section 1, thermal cooling stress arises from
the mismatch in the coefﬁcients of thermal expansion of the ﬁbre
and matrix. During cooling, both ﬁbre and matrix contract. Never-
theless, the undulating and orthogonal interlacing yarns constrain
the contraction of the matrix. At the same time, the matrix com-
presses both orthogonal yarns to become shorter. In addition, both
orthogonal yarns are shortened by their own thermal contraction.
As a result, residual compressive stresses are induced in both yarns
while the matrix is stressed in tension. The magnitude of these
residual stresses depends on the properties of ﬁbre and resin sys-tem such as the thermal expansion coefﬁcient a, elastic modulus
E and Poisson’s ratio l, etc. From strand crimp, undulated length,
fabric count, overall ﬁbre volume fraction Vf and the properties of
constituents, the residual thermal stress in a 2D orthogonal PWF
composite can be derived by means of the constitutive equation
considering thermal cooling contraction of ﬁbre and resin.
From the idealized curved beam unit cell (shown in Fig. 2) with
an idealized cross-section (shown in Fig. 3) of a typical warp or
weft yarn, it is possible to have ﬁve variables in the warp and weft
yarns as being the curved beam width (a1 and a2), the curved beam
cross-section height (b1 and b2), the curved beam length (2a2 + 2g2
and 2a1 + 2g1), the interstrand gap (g1 and g2) and sinusoidal crimp
amplitude (h1/2 and h2/2). For PWF, h1 = b2, h2 = b1 and the ply
thickness H = h1 + b1 = b1 + b2 of PWF layer. Letting L1 = 2a2 + 2g2,
L2 = 2a1 + 2g1, the sinusoidal crimp paths for warp and weft yarns
can be then expressed, respectively, as:
z1ðxÞ ¼ h12 sin
2px
L1
ð1Þ
z2ðyÞ ¼ h22 sin
2py
L2
ð2Þ
The cosine geometry shape paths of cross-section of warp and weft
yarns can then be then expressed, respectively, as:
z3ðyÞ ¼ b12 cos
py
a1
ð3Þ
z4ðxÞ ¼ b22 cos
px
a2
ð4Þ
where x and y represent the coordinate axes in the warp and weft
directions, respectively. From Eqs. (3) and (4), the area of cross-sec-
tion of warp and weft yarns can be derived, respectively, as:
A1 ¼ 4
Z a1=2
0
z3ðyÞdy ¼ 4
Z a1=2
0
b1
2
cos
py
a1
dy ¼ 2a1b1
p
ð5Þ
A2 ¼ 4
Z a2=2
0
z4ðxÞdx ¼ 4
Z a2=2
0
b2
2
cos
px
a2
dx ¼ 2a2b2
p
ð6Þ
Fig. 3. An idealized cross-section of a typical warp and weft yarns for 2D orthogonal PWF.
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the idealized 2D orthogonal PWF composite unit cell (shown in
Fig. 2) can be also deduced, respectively, as:
V1 ¼ 2
Z L1=2
0
A1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z01ðxÞ
 2q dx
¼ 2a1b1h1
pL1
Z L1=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L21 þ p2h21 cos
2px
L1
 2s8<
:
9=
;dx ð7Þ
V2 ¼ 2
Z L2=2
0
A2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ z02ðyÞ
 2q dy
¼ 2a2b2h2
pL2
Z L2=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L22 þ p2h22 cos
2py
L2
 2s8<
:
9=
;dy ð8Þ
Thus, it is possible to have the matrix volume fraction Vm between
tows in the idealized 2D orthogonal PWF composite unit cell
(shown in Fig. 2) from Eqs. (7) and (8).
Vm ¼ 1 V1 þ V2V ¼ 1
V1 þ V2
L1  L2  H ¼ 1
V1 þ V2
L1  L2  ðb1 þ b2Þ ð9Þ
In order to obtain the analytical expression of residual thermal
stress, it is necessary for the idealized 2D orthogonal PWF com-
posite unit cell (shown in Fig. 2) to be aptly and rationally approx-
imated and assumed into a simpliﬁed 2D orthogonal PWF
composite unit cell, as shown in Fig. 4. The residual thermal stres-
ses of PWF and resin in the simpliﬁed 2D orthogonal PWF compos-Fig. 4. Simpliﬁed 2D orthogonaite unit cell can then be modeled, as shown in Fig. 5. From Fig. 5,
one has three variables in the hexahedral unit cell, namely the
length (L1/2 and g2), the height (H1 and H2), the width (L2/2 and
g1), where H1 = H2 = H, g1 and g2 represent the equivalent width
and length of hexahedral resin at the central of unit cell, respec-
tively. These can be determined based on the principle of equiva-
lent matrix volume fraction and proportional geometry size. From
the above geometry dimensions, it is possible to have the thick-
nesses of PWF wall in the warp and weft directions as
ðL1=2 g2Þ=2 and ðL2=2 g1Þ=2, respectively. Thus the matrix vol-
ume fraction of the simpliﬁed 2D orthogonal PWF composite unit
cell (shown in Fig. 4) is:
Vm ¼ 4
g1  g2
L1  L2 ð10Þ
According to the principle of equivalent matrix volume fraction,
from Eqs. (9) and (10), one has:
4g1  g2  H ¼ L1  L2  H  V1  V2 ð11Þ
By means of the principle of proportional geometry size, we have:
g1
g2
¼ L2
L1
ð12Þ
Substituting Eq. (12) into Eq. (11) gives the solutions of g1 and g2
as:
g1 ¼ 12H  L1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L1  L2  H½L1  L2  H  V1  V2
p
ð13Þl PWF composite unit cell.
Fig. 5. Residual thermal stresses of PWF and resin in simpliﬁed 2D orthogonal PWF composite unit cell.
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L1  L2  H½L1  L2  H  V1  V2
p
ð14Þ
It is known that spatial solidiﬁcation and chemical shrinkage of the
resin phase have been shown to have profound implications on the
development of residual stress and warpage in textile composites,
and resin moduli and thermal expansion coefﬁcient are dependent
on temperature and polymerization degree during cure (Huang
et al., 2000; Zhang et al., 2004). However, from an engineering
approximation point of view, the thermal and mechanical proper-
ties of the composite constituents are generally assumed to be elas-
tic and constant (or remains unchanged), i.e., independent of
temperature and of the polymerization degree during cure (Ruiz
and Trochu, 2005; Zhao et al., 2007). In the case that chemical
shrinkage of resin during cure is ignored, residual compressive
stresses are induced in both orthogonal yarns while the matrix is
stressed in tension (shown in Fig. 5). The magnitude of residual
stresses in composite structures depends principally on four param-
eters: temperature difference, ﬁbre volume fraction, thermal expan-
sion coefﬁcients and mechanical properties of the composite
constituents. During cooling, both PWF and resin contract and the
cooling contraction strains of polymer resin and 2D orthogonal
PWF at a temperature differenceDT can be, respectively, written as:
eTm1 ¼ am  DT
eTm2 ¼ am  DT
(
ð15Þ
eTf1 ¼ af  DT
eTf2 ¼ af  DT
(
ð16Þ
As is elucidated in Eqs. (15) and (16), the mismatch in the thermal
expansion coefﬁcients af and am of 2D orthogonal PWF and resin
cause the residual thermal cooling strain and stress in 2D orthogo-
nal PWF layer. Thus, under the plane stress state of loading, due to
the residual tensile thermal stresses r1 and r2 (shown in Fig. 5), the
strains in the resin in the warp and weft directions can be, respec-
tively, expressed as:
esm1 ¼ 1Em ðr1  lmr2Þ
esm2 ¼ 1Em ðr2  lmr1Þ
(
ð17Þ
From Eqs. (15)–(17), one has the total strains in the resin in the
warp and weft directions, respectively, as:em1 ¼ 1Em ðr1  lmr2Þ  am  DT
em2 ¼ 1Em ðr2  lmr1Þ  am  DT
(
ð18Þ
where positive and negative signs, i.e., + and , indicate the shifts
directions of outward and inward, respectively. The resulting total
deformation shifts in the warp and weft directions of the hexahe-
dral resin, resulting from the cooling contraction and residual
tensile thermal stresses r1 and r2, can be obtained, respectively,
as:
um1 ¼ g2Em ðr1  lmr2Þ  g2  am  DT
um2 ¼ g1Em ðr2  lmr1Þ  g1  am  DT
8<
: ð19Þ
Similarly, from Eq. (16), it is possible to have the geometry dimen-
sion contractions of the 2D orthogonal PWF. The cooling contrac-
tions in neutral axial length and width together with the wall
thickness in the warp and weft directions of the hexahedral 2D
orthogonal PWF are, respectively, as:
DLT1 ¼
1
4
L1 þ 2g2ð Þ  af  DT ð20Þ
DLT2 ¼
1
4
L2 þ 2g1ð Þ  af  DT ð21Þ
DtT1 ¼
1
4
L1  2g2ð Þ  af  DT ð22Þ
DtT2 ¼
1
4
L2  2g1ð Þ  af  DT ð23Þ
In general, the bending ﬂexibility of the 2D orthogonal PWF
resulting from the cooling contraction is too small and can be
neglected with only the contractions in the geometry dimensions
needing to be considered. Thus, under the plane stress loading
condition of residual compressive thermal stresses r1 and r2
(shown in Fig. 5), the 2D orthogonal PWF can be approximated
to a rectangular truss constructed from four tensile compression
rods, among which pairwise rods are parallel to each other and
have the neutral axial lengths of L1 þ 2g2ð Þ=4 and L2 þ 2g1ð Þ=4,
respectively. Thus, the shortened magnitudes of the rectangular
2D orthogonal PWF truss in the warp and weft lengths can be
predicted as:
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r1  g1  L1 þ 2g2ð Þ
Ef  L2  2g1ð Þ ð24Þ
DLs2 ¼ 
r2  g2  L2 þ 2g1ð Þ
2Ef  L1  2g2ð Þ ð25Þ
From Eqs. (20)–(25), it is possible to have the total deformation
shifts of the internal boundary for the rectangular 2D orthogonal
PWF truss in the warp and weft directions, respectively, as:r1 ¼
Ef g2 L2  2g1ð Þ EmEf g1ð1þ lmÞ L1  2g2ð Þ þ E2mg2 L2 þ 2g1ð Þ
h i
ðam  af ÞDT
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
 
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ ð31Þ
r2 ¼
Ef g1 L1  2g2ð Þ EmEf g2ð1þ lmÞ L2  2g1ð Þ þ E2mg1 L1 þ 2g2ð Þ
h i
ðam  af ÞDT
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
 
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ ð32Þuf1 ¼ r1 
g1  L1 þ 2g2ð Þ
Ef  L2  2g1ð Þ 
1
4
L1 þ 2g2ð Þ  af  DT
 1
4
L1  2g2ð Þ  af  DT ð26Þ
uf2 ¼ r2 
g2  L2 þ 2g1ð Þ
Ef  L1  2g2ð Þ 
1
4
L2 þ 2g1ð Þ  af  DT
 1
4
L2  2g1ð Þ  af  DT ð27Þ
where positive and negative signs, i.e., + and , indicate the shifts
directions of outward and inward, respectively.
According to the deformation compatibility condition of resin
and 2D orthogonal PWF, one has:
um1 ¼ uf1
um2 ¼ uf2

ð28Þ
Substituting Eqs. (19), (26) and (27) into Eq. (28) gives:u1 ¼
g1g2 L1 þ 2g2ð Þ EmEf g1ð1þ lmÞ L1  2g2ð Þ þ E2mg2 L2 þ 2g1ð Þ
h i
ðam  af ÞDT
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
 
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ 
1
4
ð3L1  2g2Þaf  DT ð35Þ
u2 ¼
g1g2 L2 þ 2g1ð Þ EmEf g2ð1þ lmÞ L2  2g1ð Þ þ E2mg2 L1 þ 2g2ð Þ
h i
ðam  af ÞDT
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
 
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ 
1
4
3L2  2g1ð Þaf  DT ð36Þg2
Em
ðr1  lmr2Þ  g2  am  DT ¼ 
r1  g1  L1 þ 2g2ð Þ
Ef  L2  2g1ð Þ
 1
4
L1 þ 2g2ð Þ  af  DT
þ 1
4
L1  2g2ð Þ  af  DT ð29Þg1
Em
ðr2  lmr1Þ  g1  am  DT ¼ 
r2  g2  L2 þ 2g1ð Þ
Ef  L1  2g2ð Þ
 1
4
L2 þ 2g1ð Þ  af  DT
þ 1
4
L2  2g1ð Þ  af  DT ð30Þ
By solving Eqs. (29) and (30), the solutions of residual thermal
stress r1 and r2 can be obtained as:Using the analogy of Eqs. (26) and (27), it is possible to have the to-
tal contractions of hexahedral unit cell in the warp and weft direc-
tions (shown in Fig. 3), respectively, as:
u1 ¼ r1 
g1  L1 þ 2g2ð Þ
Ef  L2  2g1ð Þ 
1
4
L1 þ 2g2ð Þ  af  DT  2
 1
4
L1  2g2ð Þ  af  DT ð33Þ
u2 ¼ r2 
g2  L2 þ 2g1ð Þ
Ef  L1  2g2ð Þ 
1
4
L2 þ 2g1ð Þ  af  DT  2
 1
4
L2  2g1ð Þ  af  DT ð34Þ
Substituting Eqs. (31) and (32) into Eqs. (23) and (24), then one
has:According to the deﬁnition of thermal expansion coefﬁcients,
from Eqs. (35) and (36), it is possible to have the equivalent
thermal expansion coefﬁcients of hexahedral unit cell as:
Since there are also the residual thermal stresses r1 and r2 be-
tween the pure resin layer and 2D orthogonal PWF layer in the
warp and weft directions, resulting from the cooling contraction,
a1 ¼ e1DT ¼
2u1
L1  DT
¼
2g1g2 1þ 2 g2L1

 
EmEf g1ð1þ lmÞ L1  2g2ð Þ þ E2mg2 L2 þ 2g1ð Þ
h i
ðam  af Þ
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
 
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ þ
g2
L1
 3
2
 	
af ð37Þ
a2 ¼ e2DT ¼
2u2
L2  DT
¼
2g1g2 1þ 2 g1L2

 
EmEf g2ð1þ lmÞ L2  2g1ð Þ þ E2mg1 L1 þ 2g2ð Þ
h i
ðam  af Þ
Ef g1 L1  2g2ð Þ þ Emg2 L2 þ 2g1ð Þ
 
Ef g2 L2  2g1ð Þ þ Emg1 L1 þ 2g2ð Þ
  l2mE2f g1g2 L1  2g2ð Þ L2  2g1ð Þ þ
g1
L2
 3
2
 	
af ð38Þ
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of pure resin layer and 2D orthogonal PWF layer can be ob-
tained, respectively.
um1 ¼ L12Em ðr1  lm r2Þ 
L1
2  am  DT
um2 ¼ L22Em ðr2  lm r1Þ 
L2
2  am  DT
(
ð39Þ
u1 ¼  L12E1 ðr1  lr2Þ 
L1
2  a1  DT
u2 ¼  L22E2 ðr2  lr1Þ 
L2
2  a2  DT
(
ð40Þ
Again, using the analogy of Eqs. (29) and (30) and from Eqs. (39) and
(40), it is possible to have:
 L12Em ðr1  lm r2Þ þ
L1
2  am  DT ¼ L12E1 ðr1  lr2Þ þ
L1
2  a1  DT
 L22Em ðr2  lm r1Þ þ
L2
2  am  DT ¼ L22E2 ðr2  lr1Þ þ
L2
2  a2  DT
(
ð41Þ
Solving Eq. (41), one has:
r1 ¼ EmE1ðEmþE2Þðama1ÞþEmE2ðlEmþlmE1Þðama2Þð1l2ÞE2mþð1llmÞðE1þE2ÞEmþð1l2mÞE1E2 DT
r2 ¼ EmE2ðEmþE1Þðama2ÞþEmE1ðlEmþlmE2Þðama1Þð1l2ÞE2mþð1llmÞðE1þE2ÞEmþð1l2mÞE1E2 DT
8><
>: ð42Þ
From the equivalent elastic modulus formulation (Cheng et al.,
2009), the equivalent elastic modulus of 2D orthogonal PWF layer
in warp direction can be derived as:
E1 ¼ Ef  L1A1J1
Vf þ Emð1 Vf Þ ð43Þ
where
J1 ¼ 2J1;2 þ 2J1;7 
J21;4
2J1;1
þ 2J1;4J1;5J1;6  2J1;1J
2
1;6  J21;4J21;5=ð2J1;1Þ
4J1;1J1;3 þ 4J1;1J1;10  J21;5  J1;1J21;9=J1;8
J1;1 ¼
1
I1
Z L1=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
2
1p2
L21
sin2
2px
L1
 	vuut
2
4
3
5dx ð44Þ
J1;2 ¼
h21
4I1
Z L1=2
0
1 cos 2px
L1
 	 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
2
1p2
L21
sin2
2px
L1
 	vuut
2
4
3
5dx
ð45Þ
J1;3 ¼
1
4I1
Z L1=2
0
x2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
2
1p2
L21
sin2
2px
L1
 	vuut
2
4
3
5dx ð46Þ
J1;4 ¼
h1
I1
Z L1=2
0
1 cos 2px
L1
 	  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
2
1p2
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L1
 	vuut
2
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1
I1
Z L1=2
0
x
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1þ h
2
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2
4
3
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J1;6 ¼
h1
2I1

Z L1=2
0
x 1 cos 2px
L1
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1þ h
2
1p2
L21
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L1
 	vuut
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3
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1
A1
Z L1=2
0
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h21p2
L21
sin2 2pxL1

 r dx ð50Þ
J1;8 ¼
1
I2
Z L2=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ h
2
2p2
L22
sin2
2py
L2
 	vuut
2
4
3
5dy ð51Þ
J1;9 ¼
1
I2
Z L2=2
0
y
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2py
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2py
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 	vuut
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Similarly, the equivalent elastic modulus of 2D orthogonal PWF
layer in warp direction can be derived as:
E2 ¼ Ef L2A2J2
Vf þ Em  ð1 Vf Þ ð54Þ
where
J2 ¼ 2J2;2 þ 2J2;7 
J22;4
2J2;1
þ 2J2;4J2;5J2;6  2J2;1J
2
2;6  J22;4J22;5=ð2J2;1Þ
4J2;1J2;3 þ 4J2;1J2;10  J22;5  J2;1J22;9=J2;8
J2;1 ¼
1
I2
Z L2=2
0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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2p2
L22
sin2
2py
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4
3
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Table 1
Fabric speciﬁcations of 2D orthogonal EW220 glass ﬁbre PWFs.
Speciﬁcation Warp Weft
Fabric count 9 strands
(18 bundles)/cm
7 strands
(14 bundles)/cm
Yarn height b (mm) 0.104 0.104
Yarn width a (mm) 0.556 0.556
Undulated length L (mm) 2.857 2.222
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Based on the well-known rule of mixtures, one also has the equiv-
alent Poisson’s ratio l.
l ¼ lf  ð1 VmÞ þ lm  Vm ð65Þ
Undulated height h (mm) 0.116 0.116
Area A (mm2) 0.058 0.058
Inertial moment (mm4) 2.58  105 2.58  105
Table 2
Properties of E-glass and resin.
Property EW220 glass 5284 resin
Young’s modulus E (GPa) 72 3.2
In-plane shear modulus G (GPa) 29.5 1.13
Poisson’s ratio l 0.22 0.42
Volumetric density q (g/cm3) 2.5 1.2
Tensile strength (MPa) 3400 70
Fracture extensibility (%) 3 3.4
Thermal expansion coefﬁcient (106/C) 5.0 603. Experimental validation
Ten panel specimens were fabricated for use in the longitudinal
and transverse tensile property tests of 2D orthogonal EW220/
5284 PWF composites. The geometry and dimensions of these
specimens are shown in Fig. 6. Two end tabs made of epoxy resin
reinforced with glass fabric were adhesively bonded on both ends
of each tensile specimen in order to facilitate the gripping in the
testing machine (shown in Fig. 6). The tabs were fabricated into
‘staircase’ planes to minimize stress concentrations in the speci-
mens at the roots of the shoulders. The fabric speciﬁcations of 2D
orthogonal EW220 glass PWFs and the elastic properties of constit-
uents (i.e., ﬁbre and epoxy resin) are listed in Tables 1 and 2,
respectively. Two bundles of EW220 glass thread were woven asFig. 6. Geometry and dimensions of tensa single strand (shown in Fig. 3) and the fabric counts of warp
and weft yarns are, respectively, 9 strands/cm and 7 strands/cm
(i.e., 18 bundles/cm and 14 bundles/cm); the undulated lengths
of the warp and weft yarns are, respectively (L1 = 2  10 mm/7 =)
2.86 mm and (L2 = 2  10 mm/9 =) 2.22 mm. The ﬁbre volume frac-
tion and ply thickness of EW220 glass PWF composites are, respec-
tively, 55% and 0.22 mm. Thus, both undulated heights of the warp
and weft yarns are (h1 = h2 = H  b = 0.22  0.10 =) 0.12 mm.
All specimens were preformed using 2D orthogonal EW220
glass ﬁbre PWFs, infused with the 5284 epoxy resin, and then con-
solidated by RTM in a closed steel mould. During the consolidating
process, the composite preforms were ﬁrst heated up to 160 C, at a
rate of 5 C/min and at which temperature the specimen was held
for 1 h. Subsequently, it was heated up, again at the same rate, to
the desired processing temperature of 180 C with the specimen
being held at this temperature for 2 h. Next, the mould was cooled
to room temperature and the consolidation was carried out.
All tests were carried out on MTS880–100 kN servo-hydraulic
machine. Static longitudinal and transverse tensile tests were con-
ducted to yield the basic mechanical properties at a loading rate of
3 mm/min. The load against strain (P–e) curves were self-recorded
by the test machine. Until the initial cracking of the matrix it is rea-
sonable to assume that both ﬁbres and matrix behave elastically.
According to ASTM D3039M-2000(R06) (ASTM, 2000), the experi-
mental results for the warp (longitudinal) and weft (transverse)ile specimen (dimension unit: mm).
Fig. 7. Stress–strain (rP–e) curves for longitudinal tensile tests.
Fig. 8. Stress–strain (rP–e) curves for transverse tensile tests.
Table 3
Tensile mechanical properties for EW220/5284 PWF composites.
No. Warp tensile Weft tensile
Modulus (GPa) Strength (MPa) Modulus (GPa) Strength (MPa)
1 18.37 479.79 14.12 384.44
2 13.23 360.47 13.62 345.23
3 18.52 486.11 14.70 387.64
4 19.24 488.69 14.93 384.67
5 18.65 483.98 14.26 408.73
Mean 17.60 459.81 14.33 382.14
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composites were measured. The tensile stress–strain curves in
the warp and weft directions are shown in Figs. 7 and 8, respec-
tively. From Figs. 7 and 8, it is clear that there are two-stage
approximate linear stress–strain relationships for the tensile load-
ing responses of 2D orthogonal EW220/5284 PWF composites un-
der a loading in the warp or/and weft directions. The stress–strain
curves in warp direction are close to linear over the strain ranges
from 0.0 to 0.0055 and from 0.0055 to 0.021 in Fig. 7, whereas
those in weft direction approximately linear from 0.0 to 0.0042
and from 0.0042 to 0.021 in Fig. 8. The ‘knee behavior’ is observed
in the mechanical behavior due to damage under in-plane axial
loads, i.e., the stress–strain curves in Figs. 7 and 8 show a deﬁnite
and consistent knee (indicating initial failure). Thus, in order to
ignore the inﬂuence of initial failure on the validity of prediction
for linear elastic behaviour with the model, the stress–strain
curves in warp and weft directions over the strain range from
0.0055 to 0.021 and from 0.0042 to 0.021 are, respectively, chosento calculate the moduli, and the tensile mechanical properties in
the warp and weft directions are obtained, as listed in Table 3. Ta-
ble 3 lists the elastic moduli together with the failure strengths of
2D orthogonal EW220/5284 PWF composites loaded in the warp
or/and weft directions. The testing results indicate that the average
tensile elastic modulus in the warp yarn direction is higher than
Table 4
Experimental results of thermal stress (unit: MPa).
No. Warp tensile Weft tensile
1 34.74 41.43
2 49.34 38.07
3 40.42 41.11
4 38.47 41.13
5 40.15 36.27
Mean value 41.22 39.60
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strengths in the warp yarn direction are greater than that in the
weft yarn direction.
In case of no residual thermal stress, the constitutive relation-
ship between stress and strain of composites satisﬁes the Hooke’s
law:
rP ¼ EeP ð66Þ
or
eP ¼ rPE ð67Þ
while, in case that there is a residual thermal stress rT, the consti-
tutive relationship between stress and strain of composites
becomes:
rP þ rT ¼ Ee ð68Þ
where rP and rT represent the measurement stress and the residual
thermal stress resulting from the cooling contraction, respectively,
which can be self-recorded by tester. e and eP are the measured
and the theoretical strains, respectively. Eq. (68) describes the rela-
tionship between the measured stress rP and measured strain
(shown in Figs. 7–9). For a measured data set ðrP þ Drp; eþ DeÞ
on a measured rP–e curve (shown in Fig. 9, where DrP and De are
the measured stress increment and the measured strain increment,
respectively), from Eq. (68), it is possible to show
rP þ DrP þ rT ¼ Eðeþ DeÞ ð69Þ
From Eqs. (68) and (69), the Young’s modulus can also be deter-
mined as:
E ¼ DrP
De
ð70Þ
Substituting Eq. (66) into Eq. (68) gives:
rT ¼ Eðe ePÞ ð71Þ
Again, substituting Eqs. (67) and (70) into Eq. (71), one has:Fig. 9. Stress–strainrT ¼ DrPDe e rP
De
DrP
 	
ð72Þ
From Eq. (72) and the measured stress–strain rP–e curves (shown in
Figs. 7 and 8), it is possible to predict the residual thermal stress as
listed in Table 4. Table 4 shows that mean residual thermal stress rT
in the warp and weft directions are 41.22 MPa and 39.60 MPa,
respectively.
4. Comparison between predictions and experiments
By using Eqs. (13) and (14) and from the geometry parameters
of PWF composite listed in Table 1, it is possible to have the equiv-
alent interstrand gap in both orthogonal directions as:
g1 ¼ 0:283 mm ð73Þ
g2 ¼ 0:220 mm ð74Þ
As mentioned in above section, the highest consolidation tempera-
ture is 180 C. In general, the room temperature, to which the
mould was cooled during curing, can be considered as 20 C, then
the cooling temperature difference is
DT ¼ 160C ð75Þ
From the geometry and material parameters listed in Tables 1 and
2, the residual thermal stresses in PWF layer in both orthogonal(rP–e) curves.
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(73)–(75).
r1 ¼ 45:76 MPa ð76Þ
r2 ¼ 43:70 MPa ð77Þ
And the equivalent thermal expansion coefﬁcients of PWF layer in
both orthogonal directions can also be determined by means of
Eqs. (37), (38) and (73)–(75), the residual thermal stresses in PWF
layer are, respectively.
a1 ¼ 8:64 106=C ð78Þ
a2 ¼ 7:87 106=C ð79Þ
Using Eqs. (43)–(65) and from the geometry and material parame-
ters listed in Tables 1 and 2, one has the equivalent elastic moduli
of PWF layer in two orthogonal directions as
E1 ¼ 18:81 GPa ð80Þ
E2 ¼ 15:28 GPa ð81Þ
l ¼ 0:28 ð82Þ
In terms of Eqs. (42) and (75) and (78)–(82) and from the material
parameters in Table 2, it is possible to have the residual thermal
stresses in 2D orthogonal PWF composites in the warp and weft
directions as:
r1 ¼ 35:91 MPa ð83Þ
r2 ¼ 34:89 MPa ð84Þ
Predictions of the residual thermal stresses using the new model
presented in this paper as compared to test results are listed in Ta-
ble 5. From this it is clear that the deviations of the theoretical pre-
dictions from the experimental results are, respectively, about
12.88% and 11.89% in warp and weft directions, with acceptable
scatter. Thus it is argued that the new analytical model presented
in this paper is a valid and rational basis for residual thermal stress
analysis of PWF composites.
5. Closure
The focus of this paper has been to present a practical model for
residual thermal stress prediction of 2D PWF composites. The ther-
mal constitutive models and residual thermal stress calculation
formulae are established to quantify the effects of cure-dependant
resin on the effective panel modulus, curing strain and process-in-
duced stress and the complex relationships between cure, modulus
and processing-induced stress/strain. The applicability of this
model for predicting residual thermal stress from mechanical
properties of constituent materials demonstrates the acceptable
scatter of the theoretical predictions from the experimental results
in warp and weft directions. The new analytical model presented in
this paper is argued to be a valid and rational basis for residual
thermal stress analysis of PWF composites.
Actually, the volumetric shrinkage manifests itself into a chem-
ically induced contraction strain in the resin, and spatial solidiﬁca-
tion and chemical shrinkage of the resin curing phase have
profound implications on the development of residual stress and
warpage in textile composites. During the cure process, resin mod-
uli and thermal expansion coefﬁcient are dependent on tempera-
ture and the degree of cure. In this work, from an engineeringTable 5
Comparison between experiments and predictions.
Experiment Prediction Relative deviation
Warp thermal stress (MPa) 41.22 35.91 12.88%
Weft thermal stress (MPa) 39.60 34.89 11.89%approximation point of view, chemical induced shrinkage (due to
cure shrinkage) of resin during cure is ignored, i.e., only thermally
induced (due to thermal expansion) strain in the resin has been ta-
ken into account, this leads to the deviation of processing-induced
strain results from the actual situation. In addition, the assumption
that thermo-mechanical properties of resin are in-dependent on
temperature causes the further deviation of residual stress results
from the actual situation. Additionally, in rectangular truss model,
the rectangular truss is implemented to approximate geometric
architecture for PWF, this induces the deviation of geometric
parameter and thermally induced strain.
In order to obtain more accurate calculated results, the further
works need to consider the effects of chemical shrinkage of resin
during cure and to conduct further experiments to determine the
chemical kinetic behavior of the resin during cure and thermo-
mechanical properties corresponding to different temperatures
with different materials. From the chemical kinetic behavior of
the resin during cure and thermo-mechanical properties, the de-
gree of cure dependent on temperature can be determined, and
then the volumetric cure shrinkage of the resin and total process-
ing-induced strains in the resin can be obtained. Finally, the
stress and strain within the unit cell can be further obtained
simply as a superposition of the piece-wise linear increments. If
more information about the above effects and inﬂuences are
understood and implemented for assessment model of residual
stress, then more exact residual thermal performance can be
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